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Outline

• Nonlinear electron hydrodynamics

• Dyakonov-Shur Instability

• Fate of growing modes 

• Corbino geometry

• Ballistic-hydrodynamic crossover

• Idea: accretion shock instability in Corbino

• Conclude
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Hydrodynamics as a many-body theory

• In electronic transport, we are 
dealing with 1023 particles 
(classical or quantum)

• On long-time and length scales, most functions of these degrees 
of freedom decay or rapidly oscillate

• One must identify the longest-lived or slow modes

• One way to identify these is to study the conserved quantities 
such as (perhaps)

𝑁 = number of particles

𝐏 = total momentum
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Electron Hydrodynamics
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𝑚𝑛𝜕𝑡𝐮 = −𝑒𝑛𝐄 −
1

𝜏mr
𝑛𝐮 + 𝜂∇2𝐮

+ anisotropic corrections + ⋯

+ 𝑛 𝐮 ⋅ ∇𝐮

+ 𝜆1 𝐮 ⋅ ∇𝐮 + 𝜆2 ∇(𝐮2) + 𝜆3 𝐮 (∇ ⋅ 𝐮)

Galileo (𝐮 → 𝐮 + 𝐜)

+ 𝑂(𝐮𝟑)

[JF, Huang, Lucas, 2022] [JF, Hicks, 2025 (to appear)]

−∇𝑃(𝑛)

• Consider transport at constant 𝑇 

• charge density 𝑛, drift velocity 𝐮

𝑣𝑠
2 ≡

1

𝑚
𝜕𝑃/𝜕𝑛



Dyakonov-Shur Instability

𝐿

𝑒−

𝑛(𝑥, 𝑡)

𝐽 𝑥, 𝑡 = 𝑚𝑛 𝑥, 𝑡 𝑢(𝑥, 𝑡)𝑛 0, 𝑡 = 𝑛0 𝐽 𝐿, 𝑡 = 𝑚𝑛0𝑣0

• [Dyakonov, Shur, 1993] :

• normal modes 𝛿𝑛, 𝛿𝑣 ∼ ei𝑘𝑥−iωt

• Re 𝜔 =
𝜋𝑣𝑠

2𝐿
 —Terahertz! 

• Im 𝜔 =
𝑣𝑠

2−𝑣0
2

2𝐿𝑠
log

𝑣𝑠+𝑣0

𝑣𝑠−𝑣0
> 0 if 𝑣0 < 𝑣𝑠
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Dyakonov-Shur Instability [DS 1993]

𝜔 =
|𝑣𝑠

2 − 𝑣0
2|

2𝐿𝑣𝑠
+ i

𝑣𝑠
2 − 𝑣0

2

2𝐿𝑣𝑠
log

𝑣𝑠 + 𝑣0

𝑣𝑠 − 𝑣0
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Nonlinear Simulations
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Instability 

terminates in an 

oscillator

[Mendl, Polini, Lucas, 2019]



Nonlinear Simulations
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DS in a Corbino Disk
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𝑛 𝑟 = 𝑎 = 𝑛0

𝐽 𝑟 = 𝑏 = 𝑛0𝑣𝑏𝑎

𝑏

𝑒−

𝑬

ൗ𝐿
𝑎

[JF, Grisouard, Scaffidi, 2022 ]

𝐿

𝑛(𝑟, 𝑡)
J 𝑟, 𝑡

New Parameter:



Navier Stokes in Polar Coordinates
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𝜕𝐽

𝜕𝑡
+

1

𝑟

𝜕

𝜕𝑟
𝑟

𝐽2

𝑛
+ 𝑣𝑠

2
𝜕𝑛

𝜕𝑟
− η

1

𝑟

𝜕

𝜕𝑟
𝑟

𝜕

𝜕𝑟

𝐽

𝑛
−

1

𝑟2

𝐽

𝑛

=
𝛾𝑛𝑣𝑏𝑏

𝑟
 −

𝑛𝑣𝑏
2𝑏2

𝑟3
− 𝛾𝐽

𝜕𝑛

𝜕𝑡
+

1

𝑟

𝜕

𝜕𝑟
𝑟𝐽 = 0

Advection Pressure

Viscous Diffusion

Momentum Relaxation & 

driving



Linear Response

• Corbino geometry enhances 
the instability
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Nonlinear Simulations
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Nonlinear Simulations
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Nonlinear Simulations
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Symmetric BCs work too?
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Obstacles

• Boundary conditions (in particular 𝐽 𝐿, 𝑡 = const.)

• TeraHertz antennae… without this, Power ∼ pW

• Momentum relaxation, Im 𝜔 < 0 when 𝛾mr > 𝑣𝑠/𝐿 [Mendl, Polini, 
Lucas, 2022]

• Crossover to ballistic physics

Punchline:  ballistic transport should favour the DS instability; in 

particular, Power ∼ 𝜏ee
2  near instability onset
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A nonlinear cartoon

• Take gas of fermions with 𝜀 𝐩 = 𝐩2/2𝑚

• They have a distribution function 𝑓(𝐱, 𝐩, 𝑡), which in equilibrium 
and near 𝑇 = 0 is 𝑓0 = Θ 𝜖𝐹 − 𝑝2/2𝑚

𝜕𝑡𝑓 +
𝐩

𝑚
⋅ ∇𝑓 = 𝐶[𝑓]

Ballistic limit:

𝐶[𝑓] = 0

Hydrodynamic limit:

Local thermodynamic equilibrium 

consistent with conserved particle 

number and momentum

𝑓 𝐱, 𝐩, 𝑡 = Θ 𝜇 𝐱 − 𝐩 ⋅ 𝐮 𝐱 −
𝐩2

2𝑚

𝐶 𝑓 ≈
1

𝜏𝑒𝑒(𝐩)
Θ 𝜇 𝑥 − 𝐩 ⋅ 𝐮 𝑥 −

𝐩2

2𝑚
− 𝑓
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A nonlinear cartoon

• Giving

• Final ingredient: presence of background flow 𝑢0

𝑓 − 𝑓0 ≡  𝛿 𝜖𝐹 − 𝜀  × 

𝜕𝑡𝑎𝑛 +
𝑣𝐹

2
𝜕𝑥(𝑎𝑛+1 + 𝑎𝑛−1) = 𝐶𝑛

𝑛(𝑥, 𝑡) = 𝑛0 +
𝑚

2𝜋
𝑎0(𝑥, 𝑡)

J(𝑥, 𝑡) =
𝑚𝑣𝐹

2𝜋
𝑎1(𝑥, 𝑡)

𝜕𝑡 → 𝜕𝑡 + 𝑢0𝜕𝑥

෍

𝑛

𝑎𝑛 𝑥, 𝑡 e𝑖𝑛𝜃
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A nonlinear cartoon

𝜕𝑡𝑎0 + 𝑢0𝜕𝑥𝑎0 + 𝑣𝐹𝜕𝑥𝑎1 = 0

𝜕𝑡𝑎1 + 𝑢0𝜕𝑥𝑎1 +
𝑣𝐹

2
𝜕𝑥(𝑎2+𝑎0) = 0

𝜕𝑡𝑎2 + 𝑢0𝜕𝑥𝑎2 +
𝑣𝐹

2
𝜕𝑥(𝑎3+𝑎1) = 0

𝜕𝑡𝑎𝑛 + 𝑢0𝜕𝑥𝑎𝑛 +
𝑣𝐹

2
𝜕𝑥(𝑎𝑛+1+𝑎𝑛−1) = 0

−
1

𝜏ee
𝑎2

−
1

𝜏ee
𝑎𝑛

−
1

𝜏ee

𝑎0
2

𝑚𝑣𝐹
2 +

4𝑎1
2

𝑚𝑣𝐹
2

at lowest order in 𝜏ee, right hand side vanishes, and one can show: 

𝜕𝑡𝑛 +
1

𝑚
𝜕𝑥  𝐽 = 0

𝜕𝑡 𝐽 + 𝜕𝑥

𝐽2

𝑚𝑛0
+ 𝜕𝑥 2𝜋ℏ2

𝑛2

4𝜋
= 0

Hydrodynamics in the 

“Boussinesq” 

approximation

20



Numerics

𝜏ee𝑣𝐹

L
= 0.25

𝜏ee𝑣𝐹

L
= 1.25

• Truncate at 𝑛max = 40
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Numerics 𝜏ee𝑣𝐹

L
= 1.25
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Characterization

• Imagine the device is separated from a metallic gate by an oxide, 
forming a capacitor

• Power from charge-discharge cycles:

Power ≈
1

𝑇
න

0

𝑇 d𝑡

𝑇

𝑒𝑁 2

2𝐶
cos(2𝜋𝑡/𝑇)  
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Other flow instabilities?

• Shallow water analogies were / are popular in astrophysics
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Half-baked idea:
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• Angular perturbations cause the hydraulic jump to “shake”



Thanks for your time! ☺ 
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• Dyakonov-Shur terminates as a coherent nonlinear oscillator

• In Corbino, bias velocity can be lower, power higher

• Quasi-ballistic transport is not a concern

• Still, there is a need for genuinely new indirect observables of 

DS

• e.g. local heating?



Hydrodynamics with Helical Symmetry

𝜉

2𝜋

𝑧

• Only a combination of rotation and 

translation is a symmetry: 

• Equation of motion in-plane velocity 𝑣𝐴 is 

written in terms of a stress tensor 𝜏

• In-plane stress tensor:

𝐾𝑧 = 𝑃𝑧 + 𝐿𝑧/𝜉

𝜌0𝜕𝑡𝑣𝐴 = −𝜕𝑖𝜏𝑖𝐴

𝜏𝐴𝐵 = 𝑚𝑐𝑠
2 𝑛 𝛿𝐴𝐵 + 𝑚𝛼𝜖𝐴𝐵𝜕𝑧𝑛 + 𝜂 𝜕𝐴𝑣𝐵 + 𝜕𝐵𝑣𝐴 …

• Novel dissipationless 

transport coefficient 𝛼 has 

a value fixed  by symmetry 

alone:  

𝛼 =
𝑛0𝜉

2

• Imagine applying an electric 

field 𝐄 = 𝐸ො𝐳; a submerged 

object with area 𝐴 feels a 

torque Γ𝑧:

[JF, Huang, Lucas, 2022]

Γ𝑧 = 2𝛼(𝑒𝐸𝐴)
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Hydrodynamics with an open Fermi Surface
[JF, Hicks, Lucas, TBD]

𝑘𝑦

𝑘𝑥

• Fermi surface wraps the Brillouin zone

• Low energy scattering events can 
change 𝑘𝑦 by a reciprocal lattice 

vector (Umklapp)

𝑘𝑦 → 𝑘𝑦 + 𝐺𝑦

• only 𝑛 𝑥, 𝑦, 𝑡 , 𝑣𝑥(𝑥, 𝑦, 𝑡) are hydrodynamic

• checked in kinetic theory for the cartoon FS shown

𝜕𝑡𝑛 = 𝜌𝜕𝑥𝑣𝑥 + 𝐷𝑥𝑥𝜕𝑥
2𝑛 + 𝐷𝑦𝑦𝜕𝑦

2𝑛

𝜌0𝜕𝑡𝑣𝑥 = 𝑚𝑐𝑠
2𝜕𝑥𝑛 + 𝜂𝑥𝑥𝜕𝑥

2𝑣𝑥 + 𝜂𝑦𝑦𝜕𝑦
2𝑣𝑥

• Resistance sensitive to relative angle between channel and FS, and 
if channel is in 𝑦 direction, purely from 𝐷𝑦𝑦 “incoherent conductivity”!
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