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Flocking 
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• even 2D self-propelled spins seem to 

flock…but Merwin-Wagner-Coleman 

theorem?

• Some highlights

• [ Vicsek et. al, 1995 ]—off-lattice 

microscopic model

• [ Toner, Tu, 1995 ]—effective field 

theory

• [ Toner, 2011 ]—Malthusian flocks 

(birds can die, constant 

density)…effective field theory for 

just 𝐯 𝑥, 𝑡

• [ Besse, Chaté, Solon, 2022  ]—

equilibrium from [ Toner, 2011 ] is 

metastable due to vortices



This talk:

• Model with classical 2-component spins on a 2D square lattice

• But at long times, the probability distribution 𝑃(𝛉) is:

• Since this is a 2D XY model, this theory provably has NO long 
range order

• Details

• Dynamical scaling
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𝜕𝑡𝜃 + 𝑣 [cos 𝜃 𝜕𝑥𝜃 + sin 𝜃 𝜕𝑦𝜃] + 𝑂(∇3) = 𝐷 ∇2𝜃 + white noise

𝑃 𝑡 → ∞ = exp
1

𝑇
෍

𝑎 ~ 𝑏

cos(𝜃𝑎 − 𝜃𝑏)

≈  𝜃(𝐱)

• The long-wavelength (but 

nonhydrodynamic) description of 

this model is (almost) constant-

density flocking

≈  𝜃(𝐱)



• Start with some classical degrees of freedom—spins— 𝛉 = 𝜃𝑎  
interacting with a bath

• Integrate out the bath (coarse-grain) and get stochastic equation:

Reminder of time-reversal

𝑑𝜃𝑎

𝑑𝑡
= 𝑓𝑎(𝛉)
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+ 𝜉𝑎(𝑡)
𝜉𝑎(𝑡) = 0

𝜉𝑎(𝑡)𝜉𝑏(𝑡′) = 2𝑄𝑎𝑏 𝛿(𝑡 − 𝑡′)



Reminder of time-reversal

• Fokker-Planck Equation for the PDF 𝑃(𝜃, 𝑡)

• Has a stationary solution 𝑃𝑆𝑆 = 𝑃(𝑡 → ∞):    𝑊𝑃𝑆𝑆(𝑥) = 0

• Result: Theory is compatible with microscopic TRS if
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≡ −𝑊𝑃

𝑃𝑆𝑆(𝑥) ≡ 𝑒−Φ(𝑥)

𝑑𝑃

𝑑𝑡
= −

𝜕

𝜕𝜃𝑎
𝑓𝑎𝑃 − 𝑄𝑎𝑏

𝜕

𝜕𝜃𝑏
𝑃)

𝑊 = 𝑒−Φ𝑊𝑇𝑒Φ

𝑓𝑎 = −𝑄𝑎𝑏 𝜕𝑏Φ 𝐱 + 𝜕𝑏𝑄𝑎𝑏

𝑄𝑎𝑏 = 𝑄𝑏𝑎

Φ 𝑥 = −
1

𝑇
෍

𝑥 ~ 𝑦

cos(𝜃𝑥 − 𝜃𝑦)



Reminder of time-reversal

• For simplicity take 𝑄𝑎𝑏 = 𝑄 𝛿𝑎𝑏 and define 𝜇𝑎 =
𝜕Φ

𝜕𝜃𝑎
≡ 𝜕𝑎Φ

• For the Φ from the previous slide, we find Langevin equation is
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𝜕𝑡𝜃𝑎 = 𝑄𝜇𝑎 + 𝜉(𝑡)

≈
𝑄

𝑇
 ∇2𝜃 + 𝜉(𝑡)



• Birds don’t have time-reversal symmetry: roughly, you need to 
also rotate (P) ! (in flavour space and real space together)

• What if we want to include terms that are odd under time-
reversal?

• Time-reversal breaking terms that still maintain the same 
stationary distribution 𝑃𝑆𝑆  ! 

Breaking time-reversal 
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𝑊 = 𝑒−Φ𝑊𝑇𝑒Φ

𝑓𝑎 = 𝜕𝑏𝑉𝑎𝑏 − 𝑉𝑎𝑏𝜕𝑏Φ

−

𝑉𝑎𝑏 = −𝑉𝑏𝑎

T P



Lattice model for flocking

• Pick a 𝑉𝑎𝑏 that makes W invariant under combination PT

• Then compute 𝜕𝑏𝑉𝑎𝑏 − 𝑉𝑎𝑏𝜇𝑏
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≈ −𝑣 [cos 𝜃 𝜕𝑥𝜃 + sin 𝜃 𝜕𝑦𝜃]



Lattice model for flocking

• Put both parts together and, as promised,
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𝜕𝑡𝜃 + 𝑣 [cos 𝜃 𝜕𝑥𝜃 + sin 𝜃 𝜕𝑦𝜃] + 𝑂(∇3) = 𝐷 ∇2𝜃 + 𝜉(𝑡)

XY Active Model



Check: XY correlation functions
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A new dynamical universality class

• Despite Φ unchanged, adding 𝑓𝑎 terms can offer new dynamical 
universality class

• Studying 𝑡-dependent correlations should help distinguish from XY 
magnet
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𝜃0

𝜃(𝑟, 𝜃0, 𝑡)

𝐹 𝑟, 𝑡  ≡



F  correlator
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𝐹 𝑟, 𝑡 =
1

𝑡𝜂 𝑇
𝑓

𝑟

𝑡0.39



Vortex dynamics
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XY

Active 

model



Vortex dynamics
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• [ Besse, Chaté, Solon, 2022  ]—equilibrium from [ Toner, 2011 ] is 

metastable due to vortices

Active model

𝜕𝑏𝑉𝑎𝑏 − 𝑉𝑎𝑏𝜇𝑏  



Comparing to previous theory

• For field theories, Lagrangian picture is more convenient

• Start with FPE: then path integral. Integrate in a conjugate 
momentum 𝜋𝑎:

• TRS symmetry easy to implement!

𝜋 → −𝜋𝑎 + i𝜇𝑎

𝐿 = 𝜋𝑎𝜕𝑡𝑞𝑎 − 𝜋𝑎𝑣𝑎 − 𝜋𝑎𝑄𝑎𝑏(i𝜋𝑏 + 𝜇𝑏)
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𝑍 = න 𝐷𝛑 𝐷𝐪 𝑒𝑖 ׬ 𝐿 𝑑𝑡

= 𝜋𝑎𝜕𝑡𝑞𝑎 − 𝜋𝑎𝑓𝑎 + 𝑖𝜋𝑎𝜋𝑏𝑄𝑎𝑏𝐿 = 𝜋𝑎𝜕𝑡𝑞𝑎 − 𝑊(𝛑, 𝐪)

𝜕𝑎 → 𝑖𝜋𝑎
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Comparing to previous theory

• [ Toner, 2011 ]

• Linearize around 𝜃 = 0, 
setting  𝜕𝑥  = 1
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• [ Us, 2024]

• Linearize around 𝜃 = 0, 
setting  𝜕𝑥 = 1. around XY 
fixed point



Thanks for listening ☺
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