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Flocking

even 2D self-propelled spins seem to
flock...but Merwin-Wagner-Coleman
theorem?

Some highlights

* [ Vicsek et. al, 1995 |—off-lattice
microscopic model

* [ Toner, Tu, 1995 |—effective field
theory

- [ Toner, 2011 ]—Malthusian flocks of NOVA SCOTIA
(birds can die, constant &
density)...effective field theory for
just v(x, t)

« [ Besse, Chaté, Solon, 2022 ]—
equilibrium from [ Toner, 2011 ] is
metastable due to vortices
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This talk:

* Model with classical 2-component spins on a 2D square lattice

« The long-wavelength (but /d
nonhydrodynamic) description of /d/d hﬁib\ 5509(
this model is (almost) constant- XO/ %)
density flocking bQQ

0.0 + v [cos 6 0,0 +sinB 3,0] + O(V?) = D V?0 + Whlte noise

But at long times, the probability distribution P(0) is:

P(t > o) = exp (71, Z cos(6, — 9,,))

a~Db

Since this is a 2D XY model, this theory provably has NO long
range order

Details

Dvnamical scaling
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Reminder of time-reversal

« Start with some classical degrees of freedom—spins— 0 = {6}
interacting with a bath

)
® ®
— .
IS SO ¢ 3;
* Integrate out the bath (coarse-grain) and get stochastic equation:

de (&a(0)) =0
o —Ja(®) + &) —— (&, ()&, (t)) = 2Qqp 5(t — )
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Reminder of time-reversal

* Fokker-Planck Equation for the PDF P(6,t)

i 0 py) = -wep
dt I aga fa Qab aeb ) -

* Has a stationary solution Pss = P(t - ). WPss(x) =0

1
Pss(x) = e~ PX) d(x) = —= cos(8, — 6,)
T y
X~y

* Result: Theory is compatible with microscopic TRS if
W=e *WTe?®

fao = —Qap 0, P(X) + 0,Qup

Qap = Qba
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Reminder of time-reversal

* For simplicity take Q,;, = Q 6,, and define u, = ;TCD =0,0

* For the ® from the previous slide, we find Langevin equation is

0:0q = Qug + (1)

S % V26 + (1)
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Breaking time-reversal

 Birds don’t have time-reversal symmetry: roughly, you need to
also rotate (P) ! (in flavour space and real space together)

¥

 What if we want to include terms that are odd under time-
reversal?

— W =e*WwTe®
fa = abVab — Vababcb Vab = —Vba

» Time-reversal breaking terms that still maintain the same
stationary distribution P !
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Lattice model for flocking

* Pick a V,;, that makes W invariant under combination PT

Vi = —g [(5;:;:E — 6% ;) (cos by + cos )

(5£+y Or_ y) (sin 0, + sin Gr:)}
* Then compute 9,V,, — V,,1p

(% .
0,0, = o (sinbryz —sinfr_z — cosOpig + cos Or_y)

2
()
5 (COS grﬂr—l—m COS grﬂfr—:f: + cos 6r+§:ﬂ‘r+5: — COS al‘—ﬂ?ul‘—ﬁ)
(¥
2

+ 5 (Sin grﬂr—i—g) — sin Qer—g + sin 9r+f/plr—|—g} — sin 9r—g}lur—3})

Q

—v [cos 6 0,6 + sin6 0,,0]
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Lattice model for flocking

« Put both parts together and, as promised,

0.0 + v [cos 0 0,0 +sinB 9,0] + O(V?) = D V20 + &(t)

XY Active Model
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{cos(0(r) — 6(0)))

Check: XY correlation functions
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A new dynamical universality class

« Despite ® unchanged, adding f, terms can offer new dynamical
universality class

« Studying t-dependent correlations should help distinguish from XY
magnet

f = cos(6(r,0p,t) — 6p) /;5
//// H(T, Qo,t)

1
— | cos(@(r, 0p,t) — Oy) + cos(O(r,0y + m,—t) — 0
F(r.t) = 4[ (0(r, 6o,t) — 6o) (0(r, 60 + m,—t) — bo)

— cos(0(r, 6o, —t) — 6p) — cos(0(r, 0y + 7, t) — 6p)]
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F correlator

Drift in F-Correlator Rescaled Drift in F-Correlator
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Vortex dynamics

XY

Active
model

Time
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Vortex dynamics

[ Besse, Chaté, Solon, 2022 ]—equilibrium from [ Toner, 2011 ] is
metastable due to vortices
(a) t=3300 ) (b) t=65000

(¢) t=160000 (d) t=260000 (e)

1Pps—2 —— L =1200
- —— Lxs = 1800
—— Lxs = 2400

% w\)

ST

FIG. 2. (a)-(d) Snapshots taken during a run starting from an ordered state showing the nucleation of a first defect and the following
evolution (a = 0.48, A = 1.0, n = 0.5, L = 3600). (e) Probability distribution P of the lifetime of the ordered phase 7, defined as the
first time for which the nucleation of an aster decreases v by more than 20% (a = 0.45, 4 = 1.0, n = 0.5). Data obtained at three

different L values, rescaled by a factor s> proportional to L2.

Active model
OpVap — Vfliip
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Comparing to previous theory

 For field theories, Lagrangian picture is more convenient

« Start with FPE: then path integral. Integrate in a conjugate
momentum m,:

Z=fDT[quidet

L=m,0eq, —W(M, Q) =m,0:qq — Tafq + iTqTpQup
\_'_I
d, — i,
* TRS symmetry easy to implement!

T — —T, + iU,

L =m40iqq — TqVq — T Qqp (i + pip)

2024-03-12 GC CUNY fluids workshop

16



Comparing to previous theory

[ Toner, 2011 ]

AT+ M (T V)T + Ao (V -
o = Bli5 — VP = 7 (7 VP (p, 7))

+DGV(V - 7) + DrV25 + Do(7 - V)27

e Linearize around 6 = 0,
setting [0, | =1

5)
[ay = g:
(0] = 2,
[ﬂ- — Z:
3
1
o] ==
[ 3

2024-03-12

7T+ AV (|91%) =

—

+f

* [ Us, 2024]
L =700+ D7 (im + p) + vri - VO

1
+ T (ﬁ-V}L—l— §uv-ﬁ)

* Linearize around 6 = 0,

setting | d,, | = 1. around XY
fixed point
[ay: =1,
0] = 2,
[ﬂ-: = 2,
6] = 0.
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Thanks for listening ©
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